On classical limits of Bethe subalgebras in Yangians by Ilin, Aleksei & Rybnikov, Leonid
ar
X
iv
:2
00
9.
06
93
4v
1 
 [m
ath
.Q
A]
  1
5 S
ep
 20
20
ON CLASSICAL LIMITS OF BETHE SUBALGEBRAS IN YANGIANS
ALEKSEI ILIN AND LEONID RYBNIKOV
To the memory of Ernest Borisovich Vinberg
Abstract. The Yangian Y pgq of a simple Lie algebra g can be regarded as a deformation of
two different Hopf algebras: the universal enveloping algebra of the current algebra Upgrtsq
and the coordinate ring of the first congruence subgroup OpG1rrt´1ssq. Both of these algebras
are obtained from the Yangian by taking the associated graded with respect to an appropriate
filtration on Y pgq.
Bethe subalgebras BpCq in Y pgq form a natural family of commutative subalgebras de-
pending on a group element C of the adjoint group G. The images of these algebras in tensor
products of fundamental representations give all integrals of the quantum XXX Heisenberg
magnet chain.
We describe the associated graded of Bethe subalgebras in the Yangian Y pgq of a simple
Lie algebra g as subalgebras in Upgrtsq and in OpG1rrt´1ssq for all semisimple C P G. In
particular, we show that associated graded in Upgrtsq of the Bethe subalgebra BpEq assigned
to the unity element of G is the universal Gaudin subalgebra of Upgrtsq obtained from the
center of the corresponding affine Kac-Moody algebra gˆ at the critical level. This generalizes
Talalaev’s formula for generators of the universal Gaudin subalgebra to g of any type. In
particular, this shows that higher Hamiltonians of the Gaudin magnet chain can be quantized
without referring to the Feigin-Frenkel center at the critical level.
Using our general result on associated graded of Bethe subalgebras, we compute some lim-
its of Bethe subalgebras corresponding to regular semisimple C P G as C goes to an irregular
semisimple group element C0. We show that this limit is the product of the smaller Bethe
subalgebra BpC0q and a quantum shift of argument subalgebra in the universal enveloping
algebra of the centralizer of C0 in g. This generalizes the Nazarov-Olshansky solution of
Vinberg’s problem on quantization of (Mishchenko-Fomenko) shift of argument subalgebras.
1. Introduction
1.1. Yangians and Bethe subalgebras. Let g be a simple complex Lie algebra, and G be
the corresponding adjoint group. The Yangian Y pgq is the unique homogeneous Hopf algebra
deformation of the universal enveloping algebra Upgrtsq, see [D]. It is also a Hopf algebra
deformation of the algebra OpG1rrt
´1ssq of functions on first congruence subgroup G1rrt
´1ss Ă
Grrt´1ss deforming the natural Poisson structure on G1rrt
´1ss, see [KWWY].
Bethe subalgebras is the family of commutative subalgebras of BpCq Ă Y pgq depending on
a group element C P G. The particular cases of Bethe subalgebras were defined in [C], [D3],
[KR], [MO], [M] and [NO]. The most general definition of Bethe subalgebras goes back to
Drinfeld: namely, one can define BpCq as the subalgebra generated by all Fourier coefficients
of TrV pρpCq b 1qpρb Id qpRpuqq for all finite dimensional representations ρ : Y pgq Ñ End pV q,
where Rpuq is the universal R-matrix with spectral parameter. In [IR2] we gave a detailed
description of these subalgebras using the RTT -realization of the Yangian from [D] and [W].
1.2. The (universal) Gaudin subalgebra. The universal enveloping algebra of the current
algebra grts contains a large commutative subalgebraAg Ă Upgrtsq. This subalgebra comes from
the center of the universal enveloping of the affine Kac–Moody algebra gˆ at the critical level and
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gives rise to the construction of higher hamiltonians of the Gaudin model (due to Feigin, Frenkel
and Reshetikhin, [FFR]). Though there are no explicit formulas for the generators of Ag known
in general, the classical analogue of this subalgebra, i.e. the associated graded subalgebra in the
Poisson algebra Ag Ă Spgrtsq, can be easily described. Namely, it is generated by all Fourier
components of the Crrt´1ss-valued functions Φlpxptqq on t
´1grrt´1ss “ SpecSpgrtsq for Φl being
free homogeneous generators of the algebra of adjoint invariants Spgqg Ă Spgq.
1.3. The associated graded of a Bethe algebra. Let C be any element of a maximal torus
T Ă G. Denote by zgpCq be the centralizer of C in the Lie algebra g. It is a reductive Lie algebra
containing the Cartan subalgebra h Ă g. The generators of Bethe subalgebra BpCq Ă Y pgq are
invariant with respect to the adjoint action of zgpCq.
Theorem A.
‚ The associated graded of BpCq in Upgrtsq is the universal Gaudin subalgebra AzgpCq Ă
UpzgpCqrtsq Ă Upgrtsq;
‚ The associated graded of BpCq in OpG1rrt
´1ssq is generated by all Fourier components
of TrV C ¨ gptq for all finite dimensional G-modules V ;
‚ The Bethe subalgebra BpCq is a maximal commutative subalgebra in Y pgqzgpCq.
In particular, this gives a construction of the universal Gaudin subalgebra independent of the
representation theory of gˆ at the critical level and for arbitrary simple g. We expect this leads
to explicit type-free formulas for higher Gaudin Hamiltonians generalizing those of Talalaev,
Chervov and Molev, see [T], [CM].
Remark. We believe that our Theorem A is a part of a more general picture describing all
possible degenerations of the affine quantum group Uqpgˆq at the critical level. In particular,
according to Ding and Etingof [DE] the center of Uqpgˆq at the critical level is generated by
traces of the R-matrix, so it is natural to expect that both Bethe subalgebras in the Yangian
and Gaudin subalgebras are degenerate versions of this center. We hope to return to this in
forthcoming papers.
1.4. Limit Bethe subalgebras. Let T reg Ă T be the set of regular elements of the torus T .
From Theorem A we see that the family of Bethe subalgebras BpCq Ă Y pgq is not flat, i.e.
the Poincare´ series of BpCq is not constant in C P T , because for non-regular C P T zT reg, the
subalgebra BpCq becomes smaller. On the other hand a natural way to assign a commutative
subalgebra of the same size as for C P T reg to any C0 P T zT
reg by taking some limit of BpCq
as C Ñ C0 (this idea goes back to Vinberg [V] and Shuvalov [Sh]). In general, such limit
subalgebra lim
CÑC0
BpCq is not unique since it depends on the path Cpεq such that Cp0q “ C0.
The second goal of this paper is to study the simplest limits of Bethe subalgebras corresponding
to Cpεq “ C0 exppεχq, C0 P T zT
reg, χ P h as εÑ 0. It turns out that the resulting commutative
subalgebra is the product of BpC0q and the quantum shift of argument algebra in the universal
enveloping algebra UpzgpC0qq Ă Y pgq.
1.5. Shift of argument subalgebras and Vinberg’s problem. The shift of argument sub-
algebras defined by Mishchenko and Fomenko in [MF] are (generically) maximal Poisson com-
mutative subalgebras in Spgq. For any χ P g˚ the corresponding shift of argument subalgebra
Aχ Ă Spgq can be described as the subalgebra generated by all the derivatives along χ of all
adjoint invariant in Spgq. More precisely, it is generated by all elements of the form BkχΦl, for all
generators Φl P Spgq
g, l “ 1, . . . rk g, k “ 0, 1, . . . ,ml, where ml “ deg Φl´ 1 are the exponents
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of the Lie algebra g. Then the number of generators is
rk gř
l“1
pml ` 1q “
1
2
pdim g` rk gq, which is
the maximal possible transcendence degree for Poisson commutative subalgebras in Spgq.
Vinberg’s problem stated in [V] is the problem of lifting the Poisson commutative subalgebras
Aχ Ă Spgq to commutative subalgebras in the universal enveloping algebra Upgq. In [NO]
Olshansky and Nazarov construct the lifting of a shift of argument subalgebra Aχ to Upgq
as the image of Bethe subalgebra Bpχq in the (twisted) Yangian of g under the evaluation
homomorphism to Upglnq. This works only for classical g since for others there is no evaluation
homomorphism from the Yangian to Upgq.
In [R2] Vinberg’s problem was solved affirmatively for arbitrary simple g and semisimple
χ with the help of the Feigin-Frenkel center of Upgˆq at the critical level. Namely, the lifting
Aχ Ă Upgq, called quantum shift of argument subalgebra, was determined as the image of
(a version of) the universal Gaudin subalgebra under some homomorphism. Moreover, it was
proved that, for generic χ, the subalgebras Aχ Ă Spgq can be lifted to the universal enveloping
algebra Upgq uniquely.
Our second main result is the following
Theorem B. Let Cpεq “ C0 exppεχq, C0 P T zT
reg with χ P h Ă zgpC0q being a generic
semisimple element of the centralizer of C0. Then
lim
εÑ0
BpCpεqq “ BpC0q bZpUpzgpC0qqq Aχ,
where Aχ Ă UpzgpC0qq is the quantum shift of argument subalgebra corresponding to χ.
Remark. Theorem B can be regarded as the closest approximation to the Olshansky-Nazarov
solution of Vinberg’s problem for arbitrary simple g: indeed, now one can define the lifting of
Aχ Ă Spgq to the universal enveloping algebra as Aχ :“ Upgq X limεÑ0 BpCpεqq for Cpεq “
exppεχq.
1.6. The paper is organized as follows. In section 2 we study two classical limits of the Yangian
and relations between them. In section 3 we define Bethe subalgebras and give the lower bound
for the size of a Bethe subalgebra. In section 4 we define the universal Gaudin subalgebra and
study some its properties. In section 5 we prove Theorem A. In section 6 we study some limits
of Bethe subalgebras and prove Theorem B.
1.7. Acknowledgements. We thank Boris Feigin for stimulating discussions. The study has
been funded within the framework of the HSE University Basic Research Program and the
Russian Academic Excellence Project ’5-100’. Both authors were supported in part by the
RFBR grant 20-01-00515. Theorem B was proved under support of the RSF grant 19-11-00056.
The first author is a Young Russian Mathematics award winner and would like to thank its
sponsors and jury.
2. Two classical limits of the Yangian
2.1. Notations and definitions. Let g be a complex simple Lie algebra, G be the correspond-
ing connected adjoint group, G˜ be the corresponding connected simply-connected group. Let
T Ă G be a maximal torus, T reg Ă T be the set of regular elements of T . Let h Ă g be tangent
Cartan subalgebra of T . Let 〈¨, ¨〉 be the Killing form on g and txau, a “ 1, . . . , dim g, be an
orthonormal basis of g with respect to 〈¨, ¨〉. We identify g˚ with g using the Killing form. Let
mi, i “ 1, . . . , rk g be the set of exponents of Lie algebra g. Let OpGq and OpG˜q be the algebras
of polynomial functions on G and G˜ respectively.
4 ALEKSEI ILIN AND LEONID RYBNIKOV
Let Y pgq be the Yangian of g. Let V “
Àn
i“1 V pωi, 0q be the direct sum of fundamental
representations of Y pgq. Let Rpu ´ vq be the image of the universal R-matrix in End pV qb2.
Using this data we define the RTT -realization YV pgq as follows. It turns out that YV pgq » Y pgq,
see [D] and [W] for details.
Definition 2.2. The Yangian YV pgq is a unital associative algebra generated by the elements
t
prq
ij , 1 ď i, j ď dimV ; r ě 1 with the defining relations
Rpu´ vqT1puqT2pvq “ T2pvqT1puqRpu´ vq in End pV q
b2 b YV pgqrru
´1, v´1ss,
S2pT puqq “ T pu`
1
2
cgq,
where SpT puqq “ T puq´1 is the antipode map and cg is the value of the Casimir element of g
on the adjoint representation.
Here
T puq “ rtijpuqsi,j“1,...,dimV P EndV b YV pgq,
tijpuq “ δij `
ÿ
r
t
prq
ij u
´r
and T1puq (resp. T2puq) is the image of T puq in the first (resp. second) copy of EndV .
2.3. Two filtrations on the Yangian. The first filtration F1 on YV pgq is determined by
putting deg t
prq
ij “ r. More precisely, the r-th filtered component F
prq
1 Y pgq is the linear span
of all monomials t
pr1q
i1j1
¨ . . . ¨ t
prmq
imjm
with r1 ` . . . ` rm ď r. By gr 1 we denote the operation
of taking associated graded algebra with respect to F1. From the defining relations we see
that gr 1Y pgq is a commutative algebra. Moreover, we have a Poisson algebra isomorphism
gr 1YV pgq » OpG1rrt
´1ssq where the grading on OpG1rrt
´1ssq is given by the C˚ action dilating
t (see Section 2.12 for details):
Theorem 2.4. [IR2, Proposition 2.24] There is an isomorphism of graded Poisson algebras
gr 1YV pgq » OpG1rrt
´1ssq.
Corollary 2.5. Poincare´ series of gr 1YV pgq is
8ś
r“1
p1 ´ qrq´rk g.
The second filtration F2 on YV pgq is determined by putting deg t
prq
ij “ r ´ 1. Similarly,
the r-th filtered component F
prq
2 Y pgq is the linear span of all monomials t
pr1q
i1j1
¨ . . . ¨ t
prmq
imjm
with
r1 ` . . . ` rm ď r `m. By gr 2 we denote the operation of taking associated graded algebra
with respect to F2.
Theorem 2.6. [W] gr 2YV pgq » Upgrtsq where the grading is given by the C
˚ action dilating t.
Moreover, we have tr´1g Ă spantt
prq
ij u{F
pr´2q
2 Y pgq.
2.7. Bigraded quotient. The filtration F1 on Y pgq produces a filtration on Upgrtsq “ gr 1Y pgq
which we denote by the same letter F1. Similarly, the filtration F2 on Y pgq descends to a filtra-
tion F1 on OpG1rrt
´1ssq “ gr 1Y pgq. The corresponding associated graded algebras gr 1gr 2Y pgq
and gr 2gr 1Y pgq get a bigrading from the filtrations F1 and F2. We begin with some general
facts about algebras with multiple filtrations.
For any algebra A endowed with two filtrations, F1 and F2, one can define a bigraded quotient
of A as
bigrA “
à
i,j
pF
piq
1 AX F
pjq
2 Aqä
pF
pi´1q
1 AX F
pjq
2 A` F
piq
1 AX F
pj´1q
2 Aq
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We also use the following notation:
gr 12A “ gr 1gr 2A, gr 21A “ gr 2gr 1A
Lemma 2.8. The bigraded quotient bigrA is canonically isomorphic to gr 12A and to gr 21A.
Proof. Consider the algebra gr 1A “ F
p0q
1 A ‘
F
p1q
1 Aä
F
p0q
1 A
‘ . . .. The filtration F2 produces
a filtration W0 ĂW1 Ă . . . on gr 1A such that Wi “ ‘j
F
piq
2 AX F
pjq
1 Aä
F
piq
2 AX F
pj´1q
1 A
.
Note that
F
piq
2 AX F
pjq
1 Aä
F
piq
2 AX F
pj´1q
1 A
»
F
piq
2 AX F
pjq
1 A` F
pj´1q
1 Aä
F
pj´1q
1 A
therefore W0 ĂW1 Ă . . . is indeed a filtration.
We have the following canonical isomorphisms
WiäWi´1
“ ‘j
F
piq
2 AX F
pjq
1 Aä
F
piq
2 AX F
pj´1q
1 A
F
pi´1q
2 AX F
pjq
1 Aä
F
pi´1q
2 AX F
pj´1q
1 A
“
“ ‘j
F
piq
2 AX F
pjq
1 A
F
pi´1q
2 AX F
pjq
1 A` F
piq
2 AX F
pj´1q
1 A
.
Then associated graded algebra gr 21A “ W0 ‘W1äW0 ‘ . . . is canonically isomorphic to
bigrA. It is also isomorphic to gr 12A by the same argument. 
Suppose additionally that gr 1A is a commutative algebra. Then bigrA is also commutative
and has a structure of a Poisson algebra. Let u and v be homogeneous elements of degree
pi1, j1q and pi2, j2q respectively. Then
tu` pF
pi´1q
2 AX F
pjq
1 A` F
piq
2 AX F
pj´1q
1 Aq, v ` pF
pk´1q
2 AX F
plq
1 A` F
pkq
2 AX F
pl´1q
1 Aqu “
“ ru, vs ` pF
pi`k´2q
2 AX F
pj`lq
1 A` F
pi`k´1q
2 AX F
pj`l´1q
1 Aq
Also gr 1A is a Poisson algebra, and this give a Poisson algebra structure on bigrA. It follows
from definitions that these brackets are the same Poisson brackets as on bigraded quotient.
Also on gr 12A one can obtain a Poisson bracket from the commutator on gr 2A which is also
the same bracket as on the bigraded quotient. So we have the following
Lemma 2.9. If gr1A is commutative then the bigraded quotient bigrA is canonically isomorphic
to gr 12A and gr 21A as Poisson algebra.
Suppose that dimF
piq
1 A{F
pi´1q
1 A is always finite and let P1pqq :“
8ř
i“0
qi dimF
piq
1 A{F
pi´1q
1 A
be the Poincare´ series of gr 1A. Let
P12pq, zq :“
8ÿ
i,j“0
qizj dim
pF
piq
1 AX F
pjq
2 Aqä
pF
pi´1q
1 AX F
pjq
2 A` F
piq
1 AX F
pj´1q
2 Aq
be the Poincare´ series of bigrA. Then we have
Lemma 2.10. P1pqq “ P12pq, 1q.
Proposition 2.11. We have a bigraded Poisson algebra isomorphism gr 12Y pgq » gr 21Y pgq »
Spgrtsq where the bigrading on Spgrtsq is given by deg1 xrr ´ 1s “ r, deg1 xrr ´ 1s “ r ´ 1 and
the Poisson bracket on Spgrtsq is given by txrrs, yrssu “ rx, ysrr ` ss.
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Proof. The first isomorphism gr 12Y pgq » gr 21Y pgq is a particular case of Lemma 2.8. From
Theorem 2.6 we have xrr ´ 1s P F
prq
1 Upgrtsq. Hence the Poincare´ series P12pq, zq is greater or
equal to
8ś
r“1
p1´qrzr´1q (in the sense that every coefficient of the former is greater or equal to the
corresponding coefficient of the latter), and it is equal if and only if xrr´1s R F
pr´1q
1 Upgrtsq for
all x ‰ 0. So according to Lemma 2.10 P1pqq “
8ś
r“1
p1´qrq if and only if xrr´1s R F
pr´1q
1 Upgrtsq
for all x ‰ 0. On the other hand, we have P1pqq “
8ś
r“1
p1´ qrq by Theorem 2.4. This completes
the proof. 
2.12. Congruence subgroup G1rrt
´1ss and its coordinate ring. Let us give a bit more
details on gr 1Y pgq “ OpG1rrt
´1ssq. By definition, the proalgebraic group Grrt´1ss consist of
Crrt´1ss points of G. For any g P Grrt´1ss we denote by evg the corresponding homomorphism
OpGq Ñ Crrt´1ss. The first congruence subgroup G1rrt
´1ss Ă Grrt´1ss is the kernel of the
evaluation homomorphism at the infinity Grrt´1ss Ñ G.
To any function f P OpGq one can assign the Crrt´1ss-valued function rf : G1rrt´1ss Ñ
Crrt´1ss, rf “ ř8r“0 f prqt´r as follows: for any g P G1rrt´1ss we have
rfpgq “ evgpfq.
The Fourier coefficients f prq for all f P OpGq generate the coordinate ring OpG1rrt
´1ssq. Note
that the group G1rrt
´1ss depends only on the formal group scheme assigned to G, so one can
produce f prq from any f in the local completion of OpGq at the unity.
There is a natural Poisson bracket on OpG1rrt
´1ssq coming from the Lie bialgebra structure
structure on the loop algebra gppt´1qq (or, equivalently, from the rational r-matrix). To write
this bracket explicitly, we set, for any x P g, the corresponding momenta vector fields of the
left and right action on G, ξLx and ξ
R
x , respectively. Then for f1, f2 P OpGq, the bracket of
corresponding Crrt´1ss-valued functions reads
(1) t rf1puq, rf2pvqu “ 1
u´ v
pĆξLxaf1puqĆξLxaf2pvq ´ĆξRxaf1puqĆξRxaf2pvqq.
The C˚ action onG1rrt
´1ss by dilations of the variable t determines a grading on OpG1rrt
´1ssq
such that deg f prq “ r for any f P OpGq. The Poisson bracket has degree ´1 with respect to
this grading. A more precise statement of Theorem 2.4 is the following
Proposition 2.13. [IR2, Proposition 2.24] There is an isomorphism of graded Poisson algebras
gr 1YV pgq » OpG1rrt
´1ssq such that gr 1t
prq
ij “ ∆
prq
ij where ∆ij P OpGq are the matrix elements
of the representation V .
Any formal coordinate system in the formal neighborhood of the unity E P G (i.e. any formal
diffeomorphism ϕ : pg, 0q Ñ pG,Eq) determines an isomorphism Φ : t´1grrt´1ss Ñ G1rrt
´1ss
which preserves the grading defined by the C˚ action by dilations on both sides. The coordinate
ring of t´1grrt´1ss is the symmetric algebra of its graded dual space i.e. grts with the pairing
given by
pxptq, yptqq :“ Rest“0xxptq, yptqydt @ xptq P grts, yptq P t
´1grrt´1ss.
This means that any formal diffeomorphism ϕ : pg, 0q Ñ pG,Eq identifies OpG1rrt
´1ssq with
Spgrtsq.
The filtration F2 on Y pgq induces a filtration on gr 1Y pgq “ OpG1rrt
´1ssq. Slightly abusing
notations, we denote this filtration by F2 as well. Let OpGq` be polynomial functions on G
consist of f P OpGq such that fpEq “ 0.
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Proposition 2.14. For any f P OpGq, we have f prq P F
pr´1q
2 OpG1rrt
´1ssq. Moreover, if
f “ f1 ¨ f2 ¨ . . . ¨ fk such that f1, . . . , fk P OpGq` then f
prq P F
pr´kq
2 OpG1rrt
´1ssq.
Proof. It suffices to check the first assertion on generators of OpGq. According to Peter-Weyl
theorem, ∆ij generate OpGq and we have ∆
prq
ij “ gr 1t
prq
ij P F
pr´1q
2 OpG1rrt
´1ssq by definition.
To prove the second assertion, notice that f prq is a linear combination of f
pr1q
1 f
pr2q
2 ¨ . . . ¨f
prkq
k
with ri ą 0 and r1 ` r2 ` . . .` rk “ r. 
Corollary 2.15. Let fa P OpGq be a collection of functions such that txa “ dEfau is the basis
of g “ g˚ “ T ˚EG. Then f
prq
a P F
pr´1q
2 OpG1rrt
´1ssq, and gr 2OpG1rrt
´1ssq is freely generated by
gr 2f
prq
a with i “ 1, . . . , n, r “ 1, 2, . . .. Moreover, gr 2f
prq
a “ xarr ´ 1s.
Corollary 2.16. Let ϕ1 : pg, 0q Ñ pG,Eq and ϕ2 : pg, 0q Ñ pG,Eq be formal diffeomorphisms
such that d0ϕ1 “ d0ϕ2. Let Φ
˚
1 ,Φ
˚
2 : OpG1rrt
´1ssq Ñ Spgrtsq be the corresponding ring isomor-
phisms. Then we have gr 2Φ
˚
1 “ gr 2Φ
˚
2 .
This means that under any identification OpG1rrt
´1ssq » Spgrtsq as above, the grading F1 on
Spgrtsq is given by deg xrr´1s “ r and the filtration F2 on Spgrtsq is given by deg xrr´1s “ r´1,
for any x P g. The Poisson bracket on OpG1rrt
´1ssq » Spgrtsq descends to gr 2Spgrtsq “ Spgrtsq.
We denote the latter bracket by t¨, ¨uℓ.
Lemma 2.17. We have
txrms, yrlsuℓ “ rx, ysrn`ms,
for any x, y P g,m, l ě 0.
Proof. For any x P g, denote by rxpuq the formal series 8ř
r“1
xrr ´ 1su´r P Spgrtsqru´1s. Let
fx P OpGq be a function such that dEfx “ x under the identification g “ g
˚. According to
Corollary 2.15, we have f
prq
x P F
pr´1q
2 OpG1rrt
´1ssq and gr 2f
prq
x “ xrr ´ 1s. Slightly abusing
notations we will write gr 2 rfxpuq “ rxpuq.
For x, y P g we take the functions fx, fy P OpGq as above and write the Poisson bracket
t rfxpuq, rfypvqu “ 1
u´ v
p
dimgÿ
a“1
ČξLxafxpuqČξLxafypvq ´ČξRxafxpuqČξRxafypvqq.
Taking the leading term of each coefficient in the expansion in the variables u and v on both
sides of the equation, with respect to the filtration F2, we get
trxpuq, rypvquℓ “ 1
u´ v
p
dimgÿ
a“1
1
2
ppxa, xqrxa, ypvqs`rxa, xpuqspxa, yq´pxa, xqrypvq, xas´rxpuq, xaspxa, yqqq.
Since
dimgř
a“1
ppxa, xqrxa, ys “ ´
dimgř
a“1
rxa, xspxa, yq “ rx, ys we finally get
trxpuq, rypvquℓ “ rxpuq, ypvqs.

2.18. From Proposition 2.9 we obtain that gr 12YV pgq » gr 21YV pgq as Poisson algebras and
are isomorphic to Spgrtsq with the standard Kirillov-Kostant Poisson bracket.
We identify gr 12YV pgq with Spgrtsq and gr 21YV pgq with Spgrtsq thus obtain an automorphism
of Poisson algebra ψ : Spgrtsq Ñ Spgrtsq.
Lemma 2.19. ψpxrksq “ ckxrks, c P C˚.
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Proof. The filtrations F1, F2 are g-invariant, therefore ψ is g-invariant. Let us identify gr 12 and
gr 21 with bi-graded quotient. We know that
F
p0q
1 Y pgq X F
p0q
2 Y pgq “ C ¨ 1,
F
p1q
1 Y pgq X F
p0q
2 Y pgqä
F
p0q
1 Y pgq X F
p0q
2 Y pgq
“ g,
pF
p2q
1 Y pgq X F
p1q
2 Y pgqqä
pF
p1q
1 Y pgq X F
p1q
2 Y pgq ` F
p2q
1 Y pgq X F
p0q
2 Y pgqq
“ t ¨ g » g
as g-modules. Note also that
F
p1q
1 Y pgq X F
p0q
2 Y pgqä
F
p0q
1 Y pgq X F
p0q
2 Y pgq
“ g
is a Lie algebra isomorphism with respect to the Poisson bracket on the left hand side.
Using the fact that g is simple we see that the only isomorphism of g with itself is identity
and isomorphism of t ¨ g as g-module is the scalar of identity.
From Lemma 2.17 by induction on r we have
ψprx, ysrrsq “ ψptxrr ´ 1s, yr1suq “ tψpxrr ´ 1sq, cyr1su “ tcr´1xrr ´ 1s, cyr1su “ crrx, ysrrs.
Since g is simple, we have rg, gs “ g therefore ψ has the desired form. 
Corollary 2.20. For any vector subspace W Ă YV pgq we have gr 12W “ gr 21W .
It will be useful for what follows to have a way to write the leading term with respect to
F2 of any function of the form f
prq P OpG1rrt
´1ssq for any f P OpGq. For this, we fix a formal
coordinate system in the neighborhood of E P G, i.e. let ϕ : pg, 0q Ñ pG,Eq be a formal
diffeomorphism such that d0ϕ “ Id . Then to any function f P OpGq one can assign its Taylor
expansion at E P G, namely a collection of homogeneous polynomials fl P S
lpgq, l “ 0, 1, . . .
such that ϕ˚f “
8ř
l“0
fl. We denote by D the derivation on Spgrtsq determined by
Dpxrr ´ 1sq “ rxrrs.
Lemma 2.21. Suppose fk P S
kpgq is the first nonzero term in the Taylor series of f P OpG˜q`
at E P G, k ą 0.
Then we have
(1) f prq “ 0 for r ă k;
(2) f prq P F
pr´kq
2 OpG1rrt
´1ssq and f prq R F
pr´k´1q
2 OpG1rrt
´1ssq for r ě k;
(3) gr 2f
prq “ 1pr´kq!D
r´kfk where fk P Spgq Ă Spgrtsq as a polynomial of the xr0s’s.
Proof. The first assertion follows immediately from Proposition 2.14. The second one follows
from Corollary 2.15. To show the last equality, note that Φ˚ rfpuq “ 8ř
l“k
rflpuq. According to
the assertions (1-2) and by Corollary 2.16 the leading term of any Fourier coefficient with
respect to the filtration F2 is given by that of Φ
˚ rfkpuq. On the other hand for any x P g the
corresponding series rxpuq “ 8ř
r“1
xrr ´ 1su´r rewrites as rxpuq “ exppu´1Dqxr0s. So we have
Φ˚ rfkpuq “ exppu´1Dqfk as well, hence the assertion. 
ON CLASSICAL LIMITS OF BETHE SUBALGEBRAS IN YANGIANS 9
3. Bethe subalgebras in Yangian
3.1. Definition. Let ρi : Y pgq Ñ EndV pωi, 0q be the i-th fundamental representation of Y pgq.
Let
pii : V Ñ V pωi, 0q
be the projection.
Let T ipuq “ piiT puqpii be the submatrix of T puq-matrix, corresponding to the i-th fundamen-
tal representation.
Definition 3.2. Let C P G˜. Bethe subalgebra BpCq Ă YV pgq is the subalgebra generated by all
coefficients of the following series with the coefficients in YV pgq
τipu,Cq “ tr V pωi,0qρipCqT
ipuq, 1 ď i ď n.
Remark. In fact BpCq depends only on the class of C in G˜{ZpG˜q, i.e. on an element of adjoint
group G.
Proposition 3.3. ([IR2], [I])
(1) Bethe subalgebra BpCq is commutative for any C P G.
(2) BpCq is a maximal commutative subalgebra of Y pgq for C P T reg.
3.4. Bethe subalgebras in OpG1rrt
´1ssq. Here we follow [IR2]. Let tVωiu
n
i“1 be the set of
all fundamental representations of g. We also consider tVωiu
n
i“1 as a representations of the
corresponding simply-connected group G˜. Let Λi be some basis of Vωi . For any v P V we
denote the corresponding element of dual basis by v˚ P V ˚. By ∆v,v˚ P OpG˜q we denote the
corresponding matrix coefficient of Vωi .
Definition 3.5. Let C P G˜. Bethe subalgebra B˜pCq of OpG1rrt
´1ssq is the subalgebra generated
by of the coefficients of the following series:
σipu,Cq “ tr VωiρipCqρipgq “
ÿ
vPΛi
∆v,v˚pCgq “
8ÿ
r“0
ÿ
vPΛi
∆
psq
v,v˚
pCgqu´r,
where Λi is some basis of Vωi , g P G1rrt
´1ss.
Remark. This subalgebra depends only on the class of C in G˜{ZpG˜q as well.
Remark. One can define the same subalgebra using all finite-dimensional representations of
G˜.
Proposition 3.6. ([IR2]) We have gr 1BpCq “ B˜pCq for any C P T
reg.
We generalize this Proposition 3.6 to any C P T below.
3.7. Size of a Bethe subalgebra. Consider BpCq with C P T . In the next proposition we
use the filtration F1.
Proposition 3.8. (Lower bound for the size of Bethe subalgebra, see also [IR]) Bethe subalgebra
BpCq contains rk g infinite series of algebraically independent elements such that every series
consist of elements with the degrees mi ` 1,mi ` 2, . . ., where mi are the exponents of g, i “
1, . . . , rk g.
Proof. Analogous to [IR2, Proposition 4.8] we have gr 1BpCq Ą B˜pCq. We are going to find a set
of algebraically independent elements in B˜pCq of the same degrees as in Proposition statement
with respect to the grading obtained from filtration F1.
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Let σipu,Cq be generators of Bethe subalgebra B˜pCq Ă OpG1rrt
´1ssq. One can extend
σipu,Cq to the group Gppt
´1{2qq by means of Definition 3.5. Denote by σipCq
prq the coefficient
of u´r in σipu,Cq.
Let e be the principal nilpotent element of the reductive algebra zgpCq. Consider also the
element tρ˜ P Gppt´1{2qq, ρ˜ “
ř
i ω˜i, where ω˜i are fundamental co-weights of zgpCq. Note that
this is well-defined element because 2ρ˜ belong to co-weight lattice of g.
The differential of σipCq
prq at the point exppeq P Gppt´1{2qq is naturally a linear functional on
the tangent space TexppeqGppt
´1{2qq » gppt´1{2qq. Hereinafter we identify TgptqGppt
´1{2qq with
gppt´1{2qq by the left Gppt´1{2qq-action for any gptq P Gppt´1{2qq.
Then we have
dexppt´1eqσipCq
prq “ dtρ˜¨exppeqt´ρ˜σipCq
prq “ pAd tρ˜qdexppeqσipCq
prq.
The last equality follows from the invariance of σ
prq
i pCq under conjugation by t
ρ˜.
We are now consider the restriction of differentials to TEG1rrt
´1ss » t´1grrt´1ss. Let χωi be
characters of G˜-modules Vωi , i “ 1, . . . , rk g.
Lemma 3.9. dexppeq σipCq
prqpxt´sq “ δr,sdC´1 exppeqχωipxq for any x P g.
Proof. We have
dexppeqσipCq
prq “
ÿ
vPΛi
dexppeq∆
prq
v,v˚
pCqpxt´sq “ δr,str VωiρipCqρipxq “ δr,sdC´1 exppeqχωipxq
for any x P g. 
Note that C´1 ¨ exppeq is a regular element of G˜.
As in [IR2] the key point here is the fact that differentials of characters of fundamental
representations at regular point are linearly independent (see [St, Theorem 3, p.119]).
Lemma 3.10. span
〈
dC´1 exppeqχωi
〉
“ zzgpCqpeq under the identification g
˚ » g.
Proof. Note that zgpC exppeqq “ zzgpCqpeq. It is sufficient to show now that span
〈
dC´1 exppeqχωi
〉
“
zgpC exppeqq. It is obvious that span
〈
dC´1 exppeqχωi
〉
Ă zgpC exppeqq and dimensions coincide
according to linear independence of differentials at regular point. 
Under the correspondence from previous Lemma one can express eigenvector vj of ρ˜ with
eigenvaluemj as a linear combination of dC´1 exppeqχωi . Let σ
prq
vj pCq be the corresponding linear
combination of σipCq
prq, i “ 1, . . . , rk g.
Lemma 3.11. pAd tρ˜qdexppeq σvipCq
prqpxt´sq “ δr,s´mi 〈vi, x〉 for any x P g.
Proof. It follows from Lemma 3.9 and the fact that σ
prq
vi pCq is an eigenvector of t
ρ˜ with eigen-
value tmi . 
From the last Lemma the statement of Proposition follows. 
Remark. We will also give another proof of Proposition 3.8 in Section 5, see Proposition 5.10.
4. Universal Gaudin subalgebra
4.1. Commutative subalgebra from the center on critical level. We regard the Lie al-
gebra grts as a “half” of the corresponding affine Kac–Moody algebra gˆ which is a central
extension of the loop Lie algebra gppt´1qq. According to Feigin and Frenkel, the local com-
pletion of the universal enveloping algebra Upgˆq on the critical level k “ ´h_ has a huge
center Z. The image of natural homomorphism from Z to the quantum Hamiltonian reduction
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pUpgˆq{Upgˆqt´1grt´1sqt
´1
grt´1s is a commutative subalgebra there. The latter naturally embeds
into Upgrtsq, so the image of Z can be regarded as a commutative subalgebra Ag Ă Upgrtsq,
which we call the universal Gaudin subalgebra of Upgrtsq.
Though there are no explicit formulas for for the generators of Ag in general, one can describe
explicitly the associated graded subalgebra Ag Ă Spgrtsq “ Opt
´1grrt´1ssq. Namely, Ag is freely
generated by all Fourier components of Crrt´1ss-valued functions Φlpxptqq for all generators Φl
of the algebra of adjoint invariants Spgqg. The subalgebra Ag Ă Spgrtsq can be obtained via
Magri-Lenard scheme ([Ma]) from a pair of compatible Poisson brackets on Spgrrtssq (see next
subsection).
4.2. Two Poisson brackets on Spgrrtssq. Let grrtss be a Lie algebra of formal power series
with coefficients in g. Consider two Poisson brackets on Spgrrtssq:
txrns, xrmsu0 “ rx, ysrn`ms;
txrns, yrmsu1 “ rx, ysrn`m` 1s,
for any x, y P g. Note that bracket t, u0 is bracket we obtain on gr 21YV pgq if we restrict it to
Spgrtsq. Note also that grts with t¨, ¨u1 is isomorphic to t ¨ grts as a Lie algebra.
We call a pair of Poisson brackets on Spgrrtssq compatible if every linear combination of them
is a also a Poisson bracket. The following Lemma is well-known.
Lemma 4.3. (1) Poisson brackets t¨, ¨u0 and t¨, ¨u1 are compatible.
(2) Every linear combination of these brackets restricts to Spgrrtssqg.
By Spgrrtssqu,v we denote a Poisson algebra Spgrrtssq with Poisson bracket ut, u0 ` vt, u1.
From the pair of compatible Poisson brackets one can obtain a Poisson commutative subalgebra
of Spgrrtssqg with respect to t, u0 and t, u1 at the same time, see e.g. [R1]. The construction
is as follows: subalgebra is generated by all centers of Spgrrtssqgu,v for u, v P C except the case
u “ 0, v “ 1.
4.4. Universal Gaudin subalgebra Ag. Consider the derivation D of Spgrtsq
g:
Dpxrnsq “ pn` 1qxrn` 1s.
Let Φi, i “ 1, . . . , rk g be free generators of Spgr0sq
g.
Definition 4.5. Universal Gaudin subalgebra Ag is the subalgebra generated by all D
kΦi, k ě
0, i “ 1, . . . , rk g.
Proposition 4.6. Subalgebra Ag is commutative and elements D
kΦi, k ě 0, i “ 1, . . . , rk g are
free generators of Ag.
Proof. It is easy to check that the map
ϕ1,v : Spgrrtssq1,0 Ñ Spgrrtssq1,v;
xrms ÞÑ xrms `
8ÿ
k“1
p´1qkvkxrm` ks,
for all x P g,m ě 0, is an isomorphism of Poisson algebras. Indeed, the inverse map is
xrms ÞÑ xrms ` vxrm` 1s,
for all x P g,m ě 0. One can restrict ϕ1,v to Spgrrtssq
g
1,0 to obtain the isomorphism Spgrrtssq
g
1,0 »
Spgrrtssqg1,v.
If Φ P Spgr0sqg then it is central in Spgrrtssqg1,0 therefore ϕ1,vpΦq is central in Spgrrtssq
g
1,v. It
implies that the elements of the form ϕ1,vpΦq, Φ P Spgr0sq
g, v P C commutes with respect to any
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bracket ut¨, ¨u0 ` vt¨, ¨u1. This implies that the coefficients of degrees of v are commutes with
respect to any bracket ut¨, ¨u0 ` vt¨, ¨u1, in particularly t¨, ¨u0 and t¨, ¨u1. Note that coefficients
belongs to Spgrtsqg, hence these coefficients generate some commutative subalgebra of Spgrtsqg.
It is easy to see that for any f P Spgr0sq
ϕ1,vpfq “ expp´vDqf.
Therefore the coefficient of vk of ϕ1,vpΦq is proportional to D
kΦ. This means that our
subalgebra coincides with Ag.
The statement that elements of the form DkΦi are free generators of Ag is well-known, see
e.g. [BD], [R1]. 
4.7. Properties of subalgebra Ag. By definition put
ωg “
ÿ
a
xar0s
2 P Spgr0sqg,
Ωg “
ÿ
a
xar0sxar1s P Spgrtsq
g,
where txau, a “ 1, . . . , dim g is an orthonormal basis of g with respect to x¨, ¨y.
Note that ωg P Ag by construction. Also Dωg “ 2Ωg therefore Ωg P Ag too.
Proposition 4.8. ([R1]) Subalgebra Ag is the centralizer of ωg in Spgrtsq with respect to t, u1.
Proposition 4.9. Subalgebra Ag is the centralizer of Ωg in Spgrtsq
g with respect to t, u0.
Proof. Let us again consider the isomorphism
ϕ1,v : Spgrrtssq1,0 Ñ Spgrrtssq1,v.
Note that
ϕ1,vpωgq “ ωg ` Ωgv ` . . .
and ϕ1,vpωgq belong to the center of Spgrrtssq
g
1,v. Then for any z P Spgrtsq
g Ă Spgrrtssqg we
have
tϕ1,vpωgq, zu0 ` vtϕ1,vpωgq, zu1 “ 0.
Considering the coefficient of v we get
tΩg, zu0 ` tωg, zu1 “ 0.
Therefore the centralizer of ωg in Spgrtsq
g with respect to t¨, ¨u1 coincides with the centralizer
of Ωg in Spgrtsq
g with respect to t¨, ¨u0. 
Corollary 4.10. Ag is a maximal commutative subalgebra of Spgrtsq
g
1,0 and Spgrtsq
g
0,1.
Proposition 4.11. There exists no more than one lifting Ag of Ag to Upgrtsq
g.
Proof. Up to scaling and additive constant there exists a unique lifting of Ωg to Upgrtsq
g.
Moreover, any lifting of subalgebra Ag is the centralizer of the lifting of the element Ωg. But
the centralizer does not depend on a constant therefore the lifting is unique. 
Remark. We will assign to any C P T the subalgebra AzgpCq Ă SpzgpCqq Ă Spgq and consider
the elements ωzgpCq,ΩzgpCq in it, i.e. consider the above objects for a reductive Lie algebra,
not necessarily semisimple. All the statements and definitions of the present section remain the
same for zgpCq with the following conventions: we take the restriction of x¨, ¨y to zgpCq as the
invariant scalar product on zgpCq, rk zgpCq “ rk g, the exponents of zgpCq aren the exponents
of the semisimple algebra rzgpCq, zgpCqs plus additional rk g´ rk rzgpCq, zgpCqs of zeros.
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5. Bethe subalgebras and universal Gaudin subalgebras
Let E P G be the identity element. We are going to prove Theorem A for C “ E.
Theorem 5.1. gr 2BpEq is the universal Gaudin subalgebra, i.e. gr 2BpEq “ Ag.
Proof.
Lemma 5.2. The element Ωg belongs to gr 21BpEq.
Proof. Firstly, we note that gr 12BpEq “ gr 21BpEq belongs to Spgrtsq
g. Let us consider
gr 21BpEq Ă Spgrtsq. From Proposition 3.8 we know that there are 2 algebraically indepen-
dent elements of degree 3 for type A and 1 element of degree 3 for other types in gr 21BpEq.
All degree 3 elements are from S3pgqg ` pg ¨ tgqg. In type A the spaces S3pgqg and pg ¨ tgqg are
1-dimensional. In other types we have S3pgqg “ 0 and dimpg ¨ tgqg “ 1.
An element from pg ¨ tgqg is of the form c ¨ Ωg, c P C
˚. Finally, Ωg is homogeneous with
respect to the filtration F2 thus we obtain Ωg in gr 21BpEq.

Proposition 5.3. gr 12BpEq “ Ag.
Proof. We know that Ωg P gr 12BpEq and that Ag is the centralizer of Ωg. Moreover gr 12BpEq Ă
Spgrtsqg thus gr 12BpEq Ă Ag.
From Proposition 3.8 and the definition of Ag we see that Poincare´ series of gr 12BpEq and
of Ag coincide. Hence we have gr 12BpEq “ Ag. 
From the last proposition and Proposition 4.11 it follows that gr 2BpEq “ Ag and we are
done.

Remark. From Theorem 5.1 we get the construction of Ag independent of center on critical
level of gˆ.
Corollary 5.4. BpEq is a maximal commutative subalgebra of Y pgqg.
5.5. Application to the Gaudin model. Let z P C. Let evz : Upgrtsq Ñ Upgq be an
evaluation map. Let zi, i “ 1, . . . , n be different complex numbers. Let d be the diagonal
embedding
d : Upgrtsq Ñ Upgrtsqbn.
We define a map
evz1,...,zn :“ evz1 b . . .b evzn ˝ d : Uprgrtsq Ñ Upgq b . . .b Upgq.
Definition 5.6. Gaudin subalgebra Apz1, . . . , znq Ă Upgq
bn is evz1,...,znpAgq.
It is known (see [FFR]) that this subalgebra is commutative and gives the complete set of
integrals for the quantum Gaudin magnet chain.
From Theorem 5.1 we have the following
Corollary 5.7. evz1,...,znpgr 2BpEqq “ Apz1, . . . , znq.
This generalizes Talalaev’s formulas [T] for higher Gaudin Hamiltonians to g of arbitrary
type.
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5.8. Proof of Theorem A in the general case. Let C P T and consider gr 2BpCq Ă Upgrtsqq.
As before zgpCq is the infinitesimal centralizer of C. In this subsection we are going to proof
Theorem A in the full generality.
Theorem 5.9. gr 2BpCq is the universal Gaudin subalgebra in UpzgpCqrtsq
zgpCq, i.e. gr 2BpCq “
AzgpCq
Proposition 5.10. All generators of AzgpCq belong to gr 21BpCq.
Proof. The idea of proof is as follows. Consider any linear combination of functions
σipCqpgq :“ Tr VωiρipCqρipgq, g P G˜
and obtain from it the series of functions on OpG1rrt
´1ssq. Then these functions by definition
belongs to B˜pCq Ă gr 21BpCq. We will find all generators of AzgpCq using this construction.
According to Lemma 2.21 it is sufficient to show that there are functions in OpG˜qG˜` such that
first non-zero term in Taylor expansion at the point C´1 are Φi, i “ 1, . . . , rk g, where Φi are
free generators of SpzgpCqr0sq
zgpCq.
Indeed, it is equivalent to find f P OpG˜q with Φi being the first non-zero term in Taylor
expansion of f at the unity, as a linear combination of the functions σipCq.
Consider the decomposition g “ zgpCq ‘ n, where n is sum of eigenvalues of Ad pCq which
is not equal to 1 as follows. We choose a formal coordinate system in the neighborhood of
C´1 P G with the help of the map:
Ψ : zgpCq ‘ nÑ G, ph, xq ÞÑ expp´xqC
´1 expphq exppxq
The differential of Ψ at C´1 is pAdC´1 ´ Id q ‘ Id hence is non-degenerate.
Central functions on G depend only on the conjugacy class, so the Taylor expansion coeffi-
cients the central functions in our coordinates depend only on zgpCq, not on n.
Let f P OpG˜qG˜` be a central function. Let
rSpgqzgpCq be the completion of SpgqzgpCq. Consider
the Taylor series expansion of f at point C´1 as an element of the completion rSpgqzgpCq. Let
N be the ideal, generated by the coordinate functions on n and let J “ SpzgpCqq
zgpCq
` . Let e
be the principal nilpotent of zgpCq. Consider the following composite map
Θ : OpG˜qG˜` Ñ rSpgqzgpCq` Ñ rSpgqzgpCq{pN ` prSpgqzgpCqqq2 » J{J2 » zzgpCqpeq.
Here the first arrow is taking the Taylor expansion and the last isomorphism is due to Kostant
[Ko]. We claim that Θ is surjective. Indeed, one can obtain zzgpCqpeq by considering dC´1 exppeqf
and applying Lemma 3.10.
Let te, h, fu be the corresponding sl2-triple in zgpCq. One can split the centralizer zzgpCqpeq
into the eigenspaces of the operator 1
2
adh:
zzgpCqpeq “
rk gà
i“1
Vi.
Note that dimVi is the number of algebraically independent generators of SpzgpCqq
zgpCq of
degree mi ` 1, see [Ko]. For any f P OpG˜q
G˜
` whose Taylor series expansion starts from the k-th
term we have
Θpfq P
rk gà
miěk´1
Vi.
By the surjectivity of Θ we have functions with Taylor series on C´1 starting from Φi, i “
1, . . . , rk g where Φi, i “ 1, . . . , rk g are free generators of SpzgpCqq
zgpCq and we are done. 
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Proposition 5.10 implies that AzgpCq Ă gr 21BpCq. To prove that in fact we have an equality
we are going to prove that AzgpCq is a maximal commutative subalgebra of Spgrtsq
zgpCq.
We mostly follow the argument of [R1] below. Let te, h, fu be a principal sl2-triple of g. Let
us recall two classical facts.
Proposition 5.11. ([Ko]) Let pi be the restriction homomorphism
pi : Crgs Ñ Crf ` zgpeqs.
If we restrict pi to Crgsg we obtain an isomorphism Crgsg » Crf ` zgpeqs.
The next proposition is well-known.
Proposition 5.12. Let ψ be the restriction homomorphism
ψ : Crgs Ñ Crhs.
If we restrict ψ to Crgsg we obtain an isomorphism Crgsg » CrhsW , where W is the Weyl group
of g. Particularly, Crhs is an algebraic extension of ψpCrgsgq.
Proposition 5.13. AzgpCq is a maximal commutative subalgebra of Spgrtsq
zgpCq with respect to
t¨, ¨u0. Moreover, AzgpCq is centralizer of the element ΩzgpCq.
Proof. Let
ψ : Spgrtsq Ñ Sphrtsq
be a h-invariant projection.
Lemma 5.14. (1) pipAzgpCqq » SpzzgpCqpeqrtsq;
(2) AzgpCq is algebraically closed in Spgrtsq;
(3) ψpAq Ă Sphrtsq is an algebraic extension.
Proof. 1) Let g “ zzgpCqpeq ‘ n, where n is any complement subspace, and let Φi, i “ 1, . . . , rk g
be algebraically independent generators of SpzgpCqr0sq
zgpCq. Consider
pi : Spgrtsq Ñ SpzzgpCqpeqrtsq
such that
pipxrnsq “ xrns, x P zzgpCqpeq, pipxrnsq “ δ0n 〈x, f〉 , x P n
We have pipCrΦ1, . . . ,Φksq » SpzzgpCqpeqr0sq by Proposition 5.11. Moreover, D commutes
with pi hence we have
pipCrDsΦ1, . . . , D
sΦksq » SpzzgpCqpeqrssq
and hence
pipAzgpCqq » SpzzgpCqpeqrtsq.
2) Suppose that AzgpCq is not algebraically closed. Let a P Spgrtsq be an element which is
algebraic over AzgpCq. Then by the first statement of this Lemma we can assume that pipaq “ 0.
Suppose that pna
n ` . . .` p1a` p0 “ 0, where pi P AzgpCq and n is minimal. Then pipp0q “ 0.
But Spgrtsq does not have zero divisors and we have contradiction with minimality of n.
3) Note that ψpCrΦ1, . . . ,Φrk gsq Ă Sphr0sq is the algebraic extension from Proposition 5.12.
Using the fact that D commutes with ψ we see that
ψpCrΦ1, . . . ,Φrk g, DΦ1, . . . , DΦrk g, . . . , D
sΦ1, . . . , D
sΦrk gsq Ă Sp
sà
i“0
hrisq
is the algebraic extension as well for any s.

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From Lemma 4.8 it follows that the centralizer of ωzgpCq in Spgrtsq
zgpCq
0,1 contains the subal-
gebra AzgpCq.
Now let us define the family of automorphisms of Spgrtsq with respect to the bracket t¨, ¨u1.
Let ϕspxrmsq “ xrms ` sδ0m 〈h, x〉. It is a straightforward computation that ϕs is an automor-
phism.
Lemma 5.15. We have hr0s P limsÑ8 ϕspAzgpCqq.
Proof. Recall that an element h is an element from principal sl2-triple of g. It is straightforward
computation that
lim
sÑ8
ϕspωzgpCqq ´ s
2xh, hy
2s
“ hr0s.

Lemma 5.16. ([R1]) The algebra Sphrtsq is the centralizer of hr0s is Spgrtsq with respect to
t¨, ¨u1.
Now return to the proof of the Proposition. The centralizer of ΩzgpCq with respect to t¨, ¨u0
coincide with the centralizer of ωzgpCq with respect to t¨, ¨u1. Suppose that we have some element
a R AzgpCq in centralizer of ωzgpCq with respect to t¨, ¨u1. Then a should be transcendent over
AzgpCq so we can assume that ψpaq “ 0. For some k we have a non-zero limit a˜ “ limsÑ8
ϕspaq
sk
P
ϕspAzgpCqq. This limit should lie in the centralizer of the element hr0s, and then lie in Sphrtsq.
It means that ψpaq ‰ 0 which is a contradiction and completes the proof.

Corollary 5.17. We have gr 21BpCq “ AzgpCq and gr 2BpCq “ AzgpCq.
This finishes the proof of Theorem 5.9.
Corollary 5.18. BpCq is a maximal commutative subalgebra of Y pgqzgpCq and B˜pCq is a max-
imal Poisson commutative subalgebra in OpG1rrt
´1ssqzgpCq.
Corollary 5.19. gr 1BpCq “ B˜pCq for any C P T .
6. Some limits of Bethe subalgebras.
6.1. Definition of limit subalgebras. Let C be an element of Greg. Recall that the formula
deg t
prq
ij “ r defines the filtration F1 on YV pgq. Recall that F
prq
1 YV be an r-th filtered component.
Consider BprqpCq :“ F
prq
1 YV X BpCq. In the paper [IR2] (in course of proof of Theorem 2.6)
it is proved that the images of the coefficients of τ1pu,Cq, . . . , τnpu,Cq freely generate the
subalgebra grBpCq Ă grYV pgq. Hence the dimension dprq of B
prqpCq does not depend on C.
Therefore for any r ě 1 we have a map θr from G
reg to
śr
i“1Grpdpiq, dimF
piq
1 YV q such that
C ÞÑ pBp1qpCq, . . . , BprqpCqq. Here Grpdpiq, dimFY
piq
V q is the Grassmannian of subspaces of
dimension dpiq of a vector space of dimension dimFY
piq
V . Denote the closure of θrpG
regq (with
respect to Zariski topology) by Zr. There are well-defined projections ζr : Zr Ñ Zr´1 for all
r ě 1. The inverse limit Z “ limÐÝZr is well-defined as a pro-algebraic scheme and is naturally a
parameter space for some family of commutative subalgebras which extends the family of Bethe
subalgebras.
Indeed, any point z P Z is a sequence tzrurPN where zr P Zr such that ζrpzrq “ zr´1. Every
zr is a point in
śr
i“1Grpdpiq, dim Y
piq
V q i.e. a collection of subspaces B
piq
r pzq Ă Y
piq
V such that
B
piq
r pzq Ă B
pi`1q
r pzq for all i ă r. Since ζrpzrq “ zr´1 we have B
piq
r pzq “ B
pi´1q
r´1 pzq for all i ă r.
Let us define the subalgebra corresponding to z P Z as Bpzq :“
Ť8
r“1B
prq
r pzq.
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Proposition 6.2. ([IR2, Proposition 4.11]) For any z P Z subalgebra Bpzq is a commutative
subalgebra of YV pgq. The Poincare´ series of Bpzq is (lexicographically) not smaller that the
Poincare´ series series of BpCq for C P Greg. We call a subalgebra of the form Bpzq, z P Z limit
subalgebra.
Remark. In [Sh] the limits of subalgebras are defined in the analytic topology, just as limits of
1-parametric families of subalgebras. But it is well known (see e.g. [Se]) that the closure of an
algebraic variety under a regular map with respect to Zariski topology coincides with its closure
with respect to the analytic topology.
6.3. Shift of argument subalgebras. Let g be a reductive Lie algebra. To any χ P g˚ one can
assign a Poisson-commutative subalgebra in Spgq with respect to the standard Poisson bracket
(coming from the universal enveloping algebra Upgq by the PBW theorem). Let ZSpgq “ Spgqg
be the center of Spgq with respect to the Poisson bracket. The algebra Aχ Ă Spgq generated
by the elements BnχΦ, where Φ P ZSpgq, (or, equivalently, generated by central elements of
Spgq “ Crg˚s shifted by tχ for all t P C) is Poisson-commutative and has maximal possible
transcendence degree. More precisely, we have the following
Theorem 6.4. [MF] For regular semisimple χ P g the algebra Aχ is a free commutative
subalgebra in Spgq with 1
2
pdim g ` rk gq generators (this means that F pCq is a commutative
subalgebra of maximal possible transcendence degree). One can take the elements BnχΦk, k “
1, . . . , rk g, n “ 0, 1, . . . , deg Φk ´ 1, where Φk are basic g-invariants in Spgq, as free generators
of Aχ.
Theorem 6.5. ([R2]) For any regular semisimple χ P g there exist a lifting Aχ Ă Upgq, i.e. a
commutative subalgebra Aχ Ă Upgq such that grAχ “ Aχ. Moreover, this lifting is unique for
generic regular χ.
Theorem 6.6. ([R2]) For generic regular semisimple χ P g, the subalgebra Aχ is the centralizer
of its quadratic part which is the linear span of the elements
ř
αPΦ`
pα,hq
pα,χqeαe´α for all h P h.
6.7. Certain limits of Bethe subalgebras.
Theorem 6.8. Let Cpεq “ exppεχq, χ P h and Cpεq P T reg if ε ‰ 0. Then
lim
εÑ0
BpCpεqq “ BpEq bZpUpgqq Aχ
for generic χ P h.
Proof. According to [I] the quadratic part of Bethe subalgebra contains the following elements:
σipCq “ 2Jptωiq ´
ÿ
αPΦ`
eαpCq ` 1
eαpCq ´ 1
pα, αiqxαx
´
α P Y pgq, i “ 1, . . . , rk g.
Here Jptωiq is an element of Y pgq which does not depend on C. In the limit εÑ 0, the leading
term has the form ÿ
αPΦ`
2pα, αiq
pα, χq
xαx
´
α ,
i.e. the quadratic part of shift of argument subalgebra Aχ (see [V]). As we state before for
general χ shift of argument subalgebra Aχ is a centralizer of its quadratic part.
Lemma 6.9. (1) Suppose that g is a reductive Lie algebra, g0 – a reductive subalgebra
of g. Then the subalgebras Y pgqg0 and Upg0q in Y pgq are both free Upg0q
g0-modules.
Moreover, the product of these subalgebras in Y pgq is: Y pgqg0 ¨Upg0q » Y pgq
g0 bUpg0qg0
Upg0q;
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(2) zY pgqpZUpg0qq “ Y pgq
g0 bUpg0qg0 Upg0q.
Proof. 1) Let us consider associated bigraded factor with respect to the filtrations F1, F2. Then
gr 21Y pgq
g0 “ Spgrtsqg0 , gr 21Upg0q
g0 “ Spg0q
g0 , gr 21Upg0q “ Spg0q.
Let fnptq be a polynomial of degree n with n pairwise different roots. Consider the quotient
Snpgrtsq :“ Spgrtsq{fnptq. From [IR, Lemma 4.8] it follows that
Snpgrtsq
g0 ¨ Spg0q » Snpgrtsq
g0 bSpg0qg0 Spg0q.
We see that the statement of Lemma holds for any filtered component and hence for the
whole algebra.
2) It follows from [K, Main Theorem (d)] if we consider the associated graded with respect
to filtration F2 and follow the proof of first statement. 
In our limit we have BpEq Ă Y pgqg and it is a maximal subalgebra of Y pgqg (Lemma 5.4).
Moreover, ZpUpgqq lie in BpEq. From Lemma 6.9 we see that the limit subalgebra should lies
in BpEq ¨ Upgq » BpEq bZUpgq Upgq. But then it should lie in the centralizer of the quadratic
part of the Bethe subalgebra in the latter tensor product i.e. in BpEq ¨Aχ » BpEq bZUpgq Aχ.
Subalgebra BpEqbZUpgqAχ has the same Poincare´ series as BpCq, C P T
reg. Then the limit
coincides with BpEq bZUpgq Aχ. 
Theorem 6.10. Let Cpεq “ C0 exppεχq, C0 P T zT
reg, χ P h and Cpεq P T reg if ε ‰ 0. Then
lim
εÑ0
BpCpεqq “ BpC0q bZpUpzgpC0qqq Aχ
for generic χ.
Proof. The proof is the same as the proof of previous Theorem, with the only difference that
we use Corollary 5.18 instead of Corollary 5.4.

Remark. One can solve Vinberg’s problem of lifting shift of argument subalgebras for generic
χ P h to the universal enveloping algebra by defining the lifting of Aχ Ă Spgq to the universal
enveloping algebra as Aχ :“ Upgq X limεÑ0 BpCpεqq for Cpεq “ exppεχq.
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